Abstract. Two separated realcompact measurable spaces (X, A) and (Y, B) are shown to be isomorphic if and only if the rings M(X, A) and M(Y, B) of all real valued measurable functions over these two spaces are isomorphic. It is furthermore shown that any such ring M(X, A), even without the realcompactness hypothesis on X, can be embedded monomorphically in a ring of the form C(K), where K is a zero dimensional Hausdorff topological space. It is also shown that given a measure µ on (X, A), the mµ-topology on M(X, A) is 1st countable if and only if it is connected and this happens when and only when M(X, A) becomes identical to the subring L ∞ (µ) of all µ-essentially bounded measurable functions on (X, A). Additionally, we investigate the ideal structures in subrings of M(X, A) that consist of functions vanishing at all but finitely many points and functions 'vanishing at infinity' respectively. In particular, we show that the former subring equals the intersection of all free ideals in M(X, A) when (X, A) is separated and A is infinite. Assuming (X, A) is locally finite, we also determine a pair of necessary and sufficient conditions for the later subring to be an ideal of M(X, A).
Introduction
In what follows (X, A) stands for a nonempty set X endowed with a σ-algebra A of subsets of X. Such a pair is called a measurable space. A function f : X → R is called A-measurable if for any α ∈ R, f −1 (α, ∞) is a member of A. It is well known that the family M(X, A) of all real valued A-measurable functions on X makes a commutative lattice ordered ring with unity if the relevant operations are defined pointwise on X. An A-filter (A-ultrafilter) on X stands for a filter (ultrafilter) on X consisting of members of A. By an intermediate ring of measurable functions, we mean a subring N (X, A) of the ring M(X, A) which contains M * (X, A) of all bounded A-measurable functions on X. In [1] , a recently communicated article, we have initiated a kind of duality between the ideals (maximal ideals) of M(X, A) as well as the intermediate rings and a collection of appropriately defined A-filters (Aultrafilters) on X. It is also realized that the structure spaces of all the intermediate rings are one and the same. Incidentally this common structure space is seen to be homeomorphic to the aggregate of all A-ultrafilters on X equipped with the Stone-topology. The structure space of a commutative ring R with unity as usual means the set of all maximal ideals of R equipped with the hull-kernel topology.
The present article is indeed a continuation of our study on the above interaction between ideals (maximal ideals) of rings and subrings of A-measurable functions and the A-filters (A-ultrafilters) on X. We have defined real and hyperreal maximal ideals in M(X, A) in [1] . In this paper, we define realcompact measurable spaces and show that two separated realcompact measurable spaces (X, A) and (Y, B) are isomorphic if and only if the rings M(X, A) and M(Y, B) are isomorphic (Theorem 2.9). This is the first principal technical result of the present paper obtained in section 2. This may be called the measure theoretic analogue of the celebrated Hewitt's isomorphism theorem in the rings of continuous functions (see [5, Theorem 8.3] ). In the same section we have further established that given a separated measurable space (X, A), not necessarily realcompact, the ring M(X, A) can be embedded monomorphically inside the ring C(RM ax(X, A)) of all real valued continuous functions defined over the space RM ax(X, A). Here RM ax(X, A) represents the set of all real maximal ideals of M(X, A) with the topology inherited from the hull-kernel topology of the parent space M ax(X, A) of all maximal ideals of M(X, A) (Theorem 2.11).
In section 3 of this article, we introduce, via a measure µ on (X, A), the m µ -topology on the ring M(X, A). We realize that the m µ -topology is connected if and only if it is 1st countable. Incidentally, any of these last two conditions is proved to be equivalent to the requirement that M(X, A) is identical to the subring L ∞ (µ) of all µ-essentially bounded measurable functions on (X, A) (Theorem 3.6). A special case of this theorem on choosing µ to be the counting measure on (X, A) reads: the m-topology on M(X, A) is 1st countable if and only if the σ-algebra A on X is finite. This fact is proved in [1, Theorem 2.16] . In the same vein we also establish that M * (X, A), which is a Banach space with respect to the supremum norm, is reflexive if and only if A is finite (Theorem 3.8 and surrounding discussion).
In the final and 4th section, we have investigated some problems related to two chosen subrings of M(X, A). The first one of these is the ring M F (X, A) of all Ameasurable functions which vanish at all but finitely many points in X. The second one is the ring M ∞ (X, A) of all such functions f for which {x ∈ X : |f (x)| ≥ ǫ} is at most a finite set for each ǫ > 0. It is relevant to mention that several aspects of these rings have also been studied in [2] , [3] , [4] , [7] , [15] , [16] , [17] , [18] .
Measure theoretic version of Hewitt's isomorphism theorem
Throughout this paper whenever we speak of an ideal unmodified we will always mean a proper ideal in the ring under consideration. We have already defined real and hyperreal maximal ideals in the ring M(X, A) in [1] . In order to make the present paper self-contained, we reproduce these two definitions and a useful characterization of the realness of a maximal ideal. We say a σ-algebra A separates points if given two distinct points p, q in X, there is a member E of A which contains exactly one of them. We then say that the measurable space (X, A) is separated. For any f ∈ M(X, A), we let Z(f ) = {x ∈ X : f (x) = 0} stand for the zero set of f . The following theorem is from [1, Theorems 2.7 and 3.9].
Theorem 2.2. A maximal ideal M in M(X, A) is real if and only if the
It is observed in [4, Proposition 6] that the complete list of fixed maximal ideals in M(X, A) is given by {M p : p ∈ X}, where M p = {f ∈ M(X, A) : f (p) = 0}. It is easy to see that if in addition the σ-algebra A on X separates points, then M p = M q whenever p = q in X. Each fixed maximal ideal in M(X, A) is real, an easy verification. If conversely each real maximal ideal of M(X, A) is fixed, (X, A) is called a realcompact space. If M ax(X, A) denotes the set of all maximal ideals of the ring M(X, A) and for f ∈ M(X, A), B f = {M ∈ M ax(X, A) : f ∈ M }, then it is easy to establish by using some standard arguments that {B f : f ∈ M(X, A)} constitutes a base for the closed sets of M ax(X, A) if the hull-kernel topology on the later set is imposed. We will use the following two notations:
is called an isomorphism between these two measurable spaces if for E ⊆ X, E ∈ A if and only if t(E) ∈ B.
It is easy to check that any such isomorphism t, induces an isomorphism ψ t : M(Y, B) → M(X, A) by g → g • t between the two rings. We shall show that with the assumptions of realcompactness and separateness of the measure spaces (X, A) and (Y, B), any ring isomorphism between M(X, A) and M(Y, B) will generate an isomorphism between (X, A) and (Y, B). We need to establish several subsidiary results to prove this basic fact. 
c . Finally let {f n } n be a countable family of functions in M(X, A). We show that
Proof of "⊆": Let M ∈ B R fn for some n ∈ N, then f n ∈ M . To show that M ∈ B g i.e. g ∈ M it is sufficient to show that Z(g) ⊇ Z(f n ), since by Theorem 2.3 of [1] , this means that g is a multiple of f n and hence in the same ideal M as
Since M is a real maximal ideal of M(X, A), it follows from Theorem 2.2 that Z(f n ) ∈ Z[M ] for some n ∈ N. This implies that f n ∈ M as because each A-ultrafilter on X is maximal with respect to having finite intersection property (see [ 
} is a σ-algebra over F M ax(X, A). Theorem 2.6. Any separated measurable space (X, A) is isomorphic to the measurable space (F M ax(X, A), B F ).
Proof. The isomorphism is given by ψ : X → F M ax(X, A) mapping p to M p . It is injective because A is separated. Furthermore an arbitrary member of A is of the form Z(f ) for some f ∈ M(X, A), indeed f = χ X\A . We observe that
)). Hence it follows that M is a real maximal ideal of M(X, A) if and only if M(X, A)/M is isomorphic to R if and only if M(Y, B)/t(M ) is isomorphic to R meaning that t(M ) is a real maximal ideal of M(Y, B). Surely this assertion can equivalently be written in the following notations: for any
between the respective measurable spaces of their real maximal ideals. We have organized our machinery and are ready to present the proof of the first major theorem of this section. Remark 2.10. Since every compact measurable space (X, A) is realcompact, the corollary 5 of [4] is a special case of Theorem 2.9. We would like to mention that compact measurable spaces were introduced in [4] . It was realized in [1] that a measurable space (X, A) is compact if and only if A is finite.
Next, We show that for a separated measurable space (X, A), the ring M(X, A) is actually isomorphic to a subring of the form C(Y ), where Y is a zero-dimensional Hausdorff topological space. In this connection we recall the fact that M ax(X, A) with hull-kernel topology is a compact Hausdorff zero-dimensional space, a result already established in [1, Theorem 2.10]. Since every subspace of a zero-dimensional space is zero-dimensional, it follows that the space RM ax(X, A) of all real maximal ideals of M(X, A) is a Hausdorff zero-dimensional space.
Theorem 2.11. Let (X, A) be a separated measurable space. Then there exists a ring monomorphism ψ : M(X, A) → C(RM ax(X, A)).
Proof. Let e : X → M ax(X, A) be the map defined by e(x) = M x ≡ {h ∈ M(X, A) : h(p) = 0}. We choose f ∈ M(X, A). We shall show that this "f " induces a continuous map f β : RM ax(X, A) → R with the following property:
is the σ-algebra of all Borel sets in R and (R, B(R)) is the corresponding measurable space on R. Since the compose of a Borel measurable function g : B(R)) → (R, B(R)) with a real valued measurable function on (X, A) is again a measurable function on (X, A), an easy verification, and since also the maximal ideal M in the ring M(X, A) is prime, it follows thatM is a prime ideal in the ring M(R, B(R)). It is a standard result in the theory of rings of measurable functions that each prime ideal in any ring of the form M(Y, B) with (Y, B) a measurable space is maximal [see [1] , corollary 2.4]. ThusM is a maximal ideal in the ring M(X, A). We next show thatM is a real maximal ideal of this ring. It suffices to check in view of Theorem 2.2 that the B(R)-ultrfilter Z[M ] on R has countable intersection property. Toward that claim, choose a countable family of functions
M is actually a fixed maximal ideal of M(R, B(R)) we notice that the continuous function i : R → R given by i(r) = r is a member of M(R, B(R)). sinceM is real maximal ideal, there exists r ∈ R such thatM (i) =M (r) in the residue class field M(R, B(R))/M , here r is the constant function on R with value r. this yields that i − r ∈M and hence Z(i − r) ∈ Z[M ]. As the function i − r on R can vanish at most at one point and hence exactly one point, it follows that Z(i−r) is a one-pointic set. ConsequentlyM is fixed maximal ideal of M(R, B(R)) i.e. ∩Z[M ] is a one-point set.
We now set f
To check the continuity of f β at a point M on RM ax(X, A), let U be an open set in the space R with f β (M ) ∈ U . Using the complete regularity of the space R, we can find out g, h ∈ C(R) such that f ∈ N and hence g / ∈Ñ . Since gh = 0, as noticed earlier, it follows because of the primeness of the ideal N that h ∈Ñ . This implies that f β (N ) ∈ Z(h) ⊆ U , thus it is proved that f β : RM ax(X, A) → R is a continuous map i.e. f β ∈ C(RM ax(X, A)). Now if x ∈ X and f, g ∈ M(X, A), then we observe that (f +g)
. These last relations show that the two functions (f + g) β and f β + g β defined on RM ax(X, A) to R agree on e(X), which is dense M ax(X, A) and hence dense in RM ax(X, A).
The denseness of e(X) in the space M ax(X, A) follows from the definition of hullkernel topology taking care of the fact that M(X, A) is a reduced ring meaning that ′ 0 ′ is the only nilpotent element of it. Thus we can say that (f + g) β and f β + g β agree on cl RMax(X,A) e(X) = RM ax(X, A). Analogously (f g) β = f β g β . therefore the map ψ : M(X, A) → C(RM ax(X, A)) by f → f β is a ring homomorphism which is clearly one-to-one because f = g in M(X, A) implies that f (x) = g(x) for some x ∈ X. Consequently f β (e(x)) = f (x) = g(x) = g β (e(x)).
Question 2.12. When can we write ψ(M(X, A)) = C(RM ax(X, A))?
We shall construct an example of a separated measurable space (X, A) for which the zero-dimensional Hausdorff space RM ax(X, A) is devoid of any isolated point. Before that let us examine the possible candidates for the isolated points in this space. The following proposition gives us the necessary information in this regard. To prove the second part of the theorem, let x ∈ X be such that {x} ∈ A. To show that M x is isolated in RM ax(X, A), it suffices to show on setting
It is sufficient to show that f ∈ M , equivalently M ∈ B R f . If M is a fixed maximal ideal, then M = M y for some y = x in X. since f (y) = 0, this implies that f ∈ M y . Assume therefore that M is a free maximal ideal of M(X, A). Then there exists g ∈ M with g(x) = 0. It follows that Z(f ) ⊇ Z(g). Consequently by Theorem 2.3 of [1] , f becomes a multiplier of g. Since g ∈ M , it follows that f ∈ M .
Conversely let M x be an isolated point of RM ax(X, A).
∈ M x , implying that f (x) = 0. Also for any y = x in X, f ∈ M y , which implies f (y) = 0. Therefore cozero set of f = X \ Z(f ) = {x} is a member of the σ-algebra A.
Example 2.14 (An RM ax(X, A) space without any isolated point). In view of Theorem 2.11, it suffices to construct a σ-algebra A on a suitable uncountable set X, for which the measurable space (X, A) is separated but for each x ∈ X, {x} / ∈ A. Let X = [0, 1] ω1 , here ω 1 is the 1st uncountable ordinal number. For each α < ω 1 , let f α : [0, 1] ω1 → [0, 1] α be the α th projection map defined in the usual manner. Let A = {E ⊆ X : there exists α < ω 1 and Y ⊆ [0, 1] α such that E = f −1 α (y)}. Since the least upper bound of any countable set of countable ordinals is again a countable ordinal, it follows that A is closed under countable union. It is easy to check that A is a σ-algebra over X and each nonempty member of A is an uncountable set. It follows that for each x ∈ X, {x} / ∈ A. The proof that A separates points of X is routine, indeed if x and y are distinct points of X, then they must differ at their α th co-ordinate for some α < ω 1 . Let x * = f α (x) and y * = f α (y). Then the set f
is a member of A, contains the point y but misses the point x.
The m µ -topology on the ring M(X, A)
In this section, we define a topology on M(X, A), namely the m µ -topology, through a measure µ on the σ-algebra A. In the process, a new intermediate ring namely L ∞ (µ) consisting of all µ-essentially bounded measurable functions in M(X, A) comes into the surface. The m µ -topology on M(X, A) which clearly depends on the measure µ turns out to be a measure theoretic generalization of the so-called m-topology on M(X, A). This later topology was introduced in [1, Definition 2.14 and Theorems 2.15 and 2.16] . We recall that a measure µ on (X, A) is a nonnegative set function defined for all members of A with the two properties:
µ(E n ), for a sequence {E n } n of disjoint members of A. For each g in M(X, A) and each positive unit u of this ring, set m µ (g, u) = {f ∈ M(X, A) : |f (x)−g(x)| < u(x), for all x almost everywhere with respect to the measure µ on X}. It is routine to check that there exists a unique topology which we call m µ -topology on M(X, A) in which for each g ∈ M(X, A), {m µ (g, u) : u is a positive unit of M(X, A)} is a base for its open neighbourhoods. It is not at all hard to prove by using some routine arguments and the fact that a continuous function of a real valued measurable function is measurable, that M(X, A) with this m µ -topology is a topological ring. If µ is the counting measure on (X, A), then m µ -topology reduces to the m-topology on M(X, A), already introduced in [1] . Unlike m-topology, the set of all multiplicative units of the ring M(X, A) is not necessarily an open set in the m µ -topology for an arbitrary measure µ. 
which clearly implies that Z(v) ⊆ M ∪ N . Since µ(M ) = µ(N ) = 0, it follows by monotonicity and countable sub-additivity of µ that µ(Z(v)) = 0, which proves our claim. Remark 3.4. On choosing µ = counting measure on (X, A), the above theorem reads: each maximal ideal is closed in M(X, A) in the m-topology. This fact is observed in [1] .
It is routine to check that L ∞ (µ) is a subring of M(X, A) containing M * (X, A). Furthermore it is not difficult to verify that (L ∞ (µ), +, ., ∞ ) is a topological ring. The corresponding topology is generally known as the essential supnorm topology. Clearly the essential supnorm topology on L ∞ (µ) is weaker than the topology inherited from the m µ -topology on the parent space M(X, A). A natural question is: when do these two topologies coincide? The following proposition gives several conditions involving the m µ -topology, each equivalent to the above requirement. 
, which shows that m µ (g, u) is a neighbourhood of g in L ∞ (µ) in the essential supnorm topology. This is sufficient to conclude the two topologies coincide on
. Then g is a positive unit of M(X, A), g ≤ 1 and µ{t ∈ X : g(t) < 1 n } > 0 for all n ∈ N. Thus g takes arbitrarily small values near zero on sets of positive measure. We now consider m µ (0, g).
in the essential supnorm topology and this will imply that the statement (b) is false. Indeed for every ǫ > 0, ǫ 2 > g(x) on a set of positive measure which implies
Thus the statements (a) and (b) are equivalent. Before establishing the equivalence of the statements (c) and (d) with (a) or (b), we make a simple observation that
Now like any pseudonormed linear space, the space L ∞ (µ) with essential supnorm topology is path connected, in particular connected. This implies that (a) ⇒ (c) is true. On the other hand, if (a) is false, then from the above arguments we see that L ∞ (µ) turns out to be a nonempty proper clopen set of M(X, A). Hence M(X, A) becomes disconnected in the m µ -topology. Thus (a) ⇔ (c) is established.
Since every pseudo normed linear space is first countable, (a)
it would imply that µ{t ∈ X : f (t) > 1} ≤ ∞ n=2 µ{t ∈ X : 1 < f (t) < n} = 0, a contradiction. If we repeat this argument and take recourse to the principle of Mathematical induction, we get a strictly increasing sequence 1 < k 1 < k 2 < .... of natural numbers for which for each i ∈ N, µ{t ∈ X :
Thus {E i } i is a countably infinite family of pairwise disjoint nonempty members of the σ-algebra A on X. We now assert that the m µ -topology on M(X, A) is not first countable at the point 0 and that finishes the proof.
Suppose toward a contradiction, let {m µ (0, u n ) : n ∈ N} be a countable open base about the point 0. Define u : X → R as follows:
E n . Clearly u is a measurable function and is a positive unit of the ring M(X, A). We notice that for each n ∈ N, 2 3 u n ∈ m µ (0, u n )\m µ (0, u), because 2 3 u n is greater than u on the set E n that has a positive measure. Thus m µ (0, u n ) m µ (0, u) for each n ∈ N, a contradiction to the first countability of the m µ -topology at the point 0.
Remark 3.7. A special version of the equivalence of (a) and (d) with µ ≡ counting measure reads: the m-topology on M(X, A) is 1st countable if and only if A is finite. This is established in [1] .
We conclude this section by showing that the Banach space M * (X, A) with supnorm topology is never reflexive unless the σ-algebra A on X is finite. It is to be noted trivially that if A is finite σ-algebra containing 'n' many members then M * (X, A) is essentially the same as R n as a Banach space and is therefore reflexive.
Theorem 3.8. Let the σ-algebra A on X be infinite. Then M * (X, A) contains a copy of ℓ ∞ as a closed subspace.
Proof. Since A is infinite, there exists a pairwise disjoint sequence {E n } n of nonempty members of A (vide [1, Lemma 2.12]). For each i ∈ N, define f i in M(X, A) as follows.
a n f n = f , say, here ℓ ∞ is the Banach space of all bounded sequences of real numbers with supremum norm. It is clear that ϕ{a n } n = {a n } n , therefore ϕ defines an isometric isomorphism on l ∞ onto a closed subspace of M * (X, A).
Since every closed subspace of a reflexive Banach space is reflexive and l ∞ is a well known non-reflexive Banach space, it follows from Theorem 3.8 that when X is infinite, then M(X, A) is not reflexive.
Two special subrings of M(X, A)
We introduce the following two subrings of M * (X, A).
is at most a finite set.
Definition 4.2. M ∞ (X, A) = {f ∈ M(X, A) : for all ǫ > 0, {x ∈ X : |f (x)| ≥ ǫ} is at most finite set}.
It is easy to check that M F (X, A) ⊆ M ∞ (X, A) ⊆ M * (X, A). Furthermore, on using same routine arguments, it is not hard to verify that M F (X, A) is an ideal of M(X, A) and hence of M * (X, A) and M ∞ (X, A) is an ideal of M * (X, A). M ∞ (X, A) is only a subring of M(X, A) but not necessarily an ideal of M(X, A).
Indeed if X = R and A is the σ-algebra of all Borel sets in R, then the function f : X → R given by f (x) = 1 x if x ∈ N and f (x) = 0 otherwise is a function in M ∞ (X, A). We observe that the function g : X → R defined by g(x) = x if x ∈ N and g(x) = 0, otherwise belongs to M(X, A) but f g / ∈ M ∞ (X, A). We shall determine conditions both necessary and sufficient for M ∞ (X, A) to become an ideal of M(X, A) and also for the equality M F (X, A) = M ∞ (X, A).
It is clear that if the σ-algebra A on X is finite then M F (X, A) = M * (X, A). On the other hand if A is infinite then by Lemma 2.12 of [1] , there exists an infinite family {E n } n of pairwise disjoint nonempty sets in A. The function f :
From now in this section we shall assume that A is an infinite σ-algebra on X and the measurable space (X, A) is separated. The next result connects M F (X, A) with the free ideals of the rings M(X, A) and M * (X, A). We recall from [1] , that an A) is a free ideal of M(X, A) (respectively M * (X, A)) if and only if A is locally finite in the sense that given x ∈ X, there is an A ∈ A such that x ∈ A and A is a finite set.[compare with 4D 3.5 [5] ].
Proof. (a) Let I be a free ideal of M(X, A). We show that M F (X, A) ⊆ I. Let f ∈ M F (X, A). Then X \ Z(f ) is a finite set say X \ Z(f ) = {x 1 , x 2 , ..., x n }. Since I is free for each i, there is an f i ∈ I such that f i (x i ) = 0. Take g = f
Hence by pasting lemma [1, Theorem 2.2], f is a multiple of g and therefore f ∈ I. Thus M F (X, A) ⊆ I. Conversely let h ∈ M(X, A) \ M F (X, A). Then there exists a countably infinite subset {a 1 , a 2 , ...., a n , ...} of X \ Z(h). Let J = {k ∈ M(X, A) : k vanishes at all but possibly finitely many a k 's}. Then J is an ideal of M(X, A) and h / ∈ J. Also M F (X, A) ⊆ J. We now show that J is a free ideal of M(X, A) and this completes the proof that M F (X, A) is equal to the intersection of all free ideals of M(X, A). For that purpose, choose x ∈ X. Without loss of generality we assume that x = a n for each n ∈ N. Then since A is separating, for each n ∈ N, there is an A n ∈ A such that x ∈ A n but a n / ∈ A n . Let A = ∞ n=1 A n . Then x ∈ A ∈ A and A ∩ {a 1 , a 2 , ..., a n , ...} = ∅. It is then clear that the characteristic function χ X\A ∈ J and it does not vanish at the point x. Thus J becomes a free ideal of M(X, A).
(b) We prove only the case when M F (X, A) is a free ideal of M(X, A). The proof for the case when M F (X, A) is also a free ideal of M * (X, A) can be done analogously.
Let M F (X, A) be a free ideal of M(X, A). Let x ∈ X. Then there is some f ∈ M F (X, A) such that f (x) = 0. Hence x ∈ X \ Z(f ), which is a finite set in A.
Conversely suppose A is locally finite. To show that M F (X, A) is a free ideal, let x ∈ X. Then there exists A ∈ A such that x ∈ A and A is finite. It follows that the characteristic function χ A is a member of M F (X, A) and χ A (x) = 0. Example 4.4. If X is a T 1 topological space (every one-pointic set is closed) then each singleton {x} is in the Borel sets B(X) and thus the Borel sets form a locally finite σ-algebra on X. Example 4.6. Here is an example of a separating σ-algebra on N containing no one-pointic set as a member. Let F = {{1, 2}, {3, 4}, {5, 6}, ..., {2n− 1, 2n}, . ...}. Then the smallest σ-algebra A on N containing F is locally finite but no singleton is in A. It is fairly easy to check that A consists of all (possibly empty) union of members of F.
Theorem 4.7. Let (X, A) be locally finite. Then the following three statements are equivalent.
(1) A is a finite σ-algebra on X.
. So assume that A is infinite. Then by Lemma 2.12 in [1] , there is a countably infinite family {A n } n of pairwise disjoint nonempty members of A. For each n ∈ N, let x n ∈ A n . Since (X, A) is locally finite, there exists a finite subset B n of A n such that x n ∈ B n ∈ A. Define f : X → R as follows: f (B n ) = In the next result, we find out a condition on the σ-algebra A on X, both necessary and sufficient to make M F (X, A) and M ∞ (X, A) trivial ideals of M(X, A). (1) (X, A) is nowhere locally finite (i.e. no nonempty member of A is a finite set). (1) is false. Then there is a finite nonempty E ∈ A. The characteristic function χ E = 0 and is a member of M F (X, A).
(1) ⇒ (2) is trivial.
(1) ⇒ (3) : Suppose that (3) is false. Then there is a g ∈ M ∞ (X, A), where g = 0. So there exists an x • ∈ X such that |g(x • )| = λ > 0. Then {x ∈ X : |g(x)| ≥ λ 2 } is a nonempty finite set in X. Hence (1) is false.
Example 4.9. Here is an example of an infinite σ-algebra that has no nonempty finite sets. For each n ∈ N, let p n be the n-th prime. Let N n = {p k n : k ≥ 1}, for each n ≥ 1, let N 0 = N \ ∪ ∞ n=1 N n . Let A be the smallest σ-algebra on N containing all the N n for n ≥ 0. Then A is an infinite σ-algebra that has no nonempty finite sets.
We conclude this section by identifying some relevant topological nature of M ∞ (X, A) and M F (X, A) as subspaces of the Banach algebra M * (X, A) with supremum norm. Since f k ∈ M ∞ (X, A), the later set is finite. It follows that {x ∈ X : |f (x)| ≥ ǫ} is finite. Thus f ∈ M ∞ (X, A).
(b) Let f ∈ M ∞ (X, A) and ǫ > 0. Then the set K = {x ∈ X : |f (x)| ≥ ǫ} is finite. It follows that the characteristic function χ K ∈ M F (X, A) and hence f χ K ∈ M F (X, A) as the later family of functions is already an ideal of the ring M(X, A). We check that for each x ∈ X, |(f χ K )(x)−f (x)| ≤ ǫ. 
